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Abstract
In this paper, we calculate the Re´nyi entropy of one single interval on a circle at finite
temperature in 2D CFT. In the low temperature limit, we expand the thermal density ma-
trix level by level in the vacuum Verma module, and calculate the first few leading terms in
e−pi/TL explicitly. On the other hand, we compute the same Re´nyi entropy holographically.
After considering the dependence of the Re´nyi entropy on the temperature, we manage to
fix the interval-independent constant terms in the classical part of holographic Re´nyi en-
tropy. We furthermore extend the analysis in [9] to higher orders and find exact agreement
between the results from field theory and bulk computations in the large central charge
limit. Our work provides another piece of evidence to support holographic computation of
Re´nyi entropy in AdS3/CFT2 correspondence, even with thermal effect.
∗bchen01@pku.edu.cn
†jieqiangwu@pku.edu.cn
1 Introduction
Re´nyi entropy is an important quantity in the study of the entanglement of a subsystem A
with its compliment B [1, 2]. The usual entanglement entropy of A is defined as the Von
Neumann entropy of the reduced density matrix
SA = −TrAρA log ρA. (1.1)
In practice, it is hard to compute the entropy using the above relation. Instead, one may start
from the Re´nyi entropy, which is defined as
S
(n)
A = −
1
n− 1 log TrAρ
n
A, (1.2)
and take the n→ 1 limit to read the entanglement entropy
SA = lim
n→1
S
(n)
A . (1.3)
Besides providing an effective way to compute the entanglement entropy, the Re´nyi entropy
is also essential to understand the spectral properties of the reduced density matrix. Once we
know the Re´nyi entropy S
(n)
A for all n ∈ N , we may find the spectrum of ρA.
Very recently, it has been discovered that the Re´nyi entropy plays an indispensable role
in the study of the AdS/CFT correspondence, especially the AdS3/CFT2 correspondence.
In [3, 4], it has been proved that for multiple intervals in two-dimensional(2D) CFT, the
leading contributions of their Re´nyi entropies in the large central charge limit are given by the
classical action of corresponding gravitational configurations. In 2D CFT, the Re´nyi entropy
is usually given by the partition function on a higher genus Riemann surface via the replica
trick [5]. From the AdS3/CFT2 correspondence, the bulk gravitational configuration is the
classical solution whose asymptotic boundary is exactly the Riemann surface got in CFT [6].
The study in [3, 4] actually proved the holographic computation of Re´nyi entropy to leading
order in 2D CFT [7,8].
In the AdS3/CFT2 correspondence, the central charge of 2D CFT is inversely proportional
to the three-dimensional Newton coupling constant
c =
3l
2G
. (1.4)
In the large central charge limit, the gravity is weakly coupled. The 1-loop correction to the
holographic Re´nyi entropy could be obtained from the 1-loop partition function around the
classical gravitational configuration. In [6, 9], the 1-loop correction to the holographic Re´nyi
entropy of two intervals has been studied. Such correction presents as the terms indepen-
dent of the central charge in the CFT computation. In [10], by using the operator product
2
expansion(OPE) of the twist operators in the small interval limit [11], the Re´nyi entropy in
two-interval case has been computed order by order in small cross ratio. It has been found
in [10], both the leading contribution and the subleading correction are in perfect match with
the holographic results. This provides strong support that the holographic computation of
quantum correction to the Re´nyi entropy is correct. Further evidences have been obtained
from the study of the holographic Re´nyi entropy in the CFT with W symmetry [12,13], in the
AdS/LCFT correspondence [14] and in the case with scalar coupling [15].
In this work, we shall discuss the Re´nyi entropy of one single interval on a circle in 2D
CFT at low temperature. The holographic computation has been worked out in some details
in [9]. However, there is short of direct CFT computation1. We address this unsolved issue.
We are inspired by the recent study of thermal correction to the entanglement entropy in [17].
The essential point in the treatment of [17] is that at low temperature, there are excitations
above the vacuum so that the thermal density matrix should be expanded level by level, and
the computation boils down to the correlation function of vertex operators corresponding to
the excitations. For our purpose, we focus on the vacuum Verma module and consider the
excitations to level 4. In the large central charge limit, we read the order O(c) contribution to
order e−8π/TL, and the c-independent contribution to order e−6π/TL.
On the other hand, we compute the same Re´nyi entropy holographically. Our strategy is
to calculate it at high temperature first and then do a modular transformation to read the
result at low temperature2. The classical part is determined by the differential equation
∂Sγn
∂zi
= − cn
6(n− 1)γi (1.5)
where γi is the accessory parameters. However in the finite temperature case, we notice that
this equation alone cannot fix the y-independent constant terms, where 2y is the distance of
the interval. At high temperature, considering the dependence of the Re´nyi entropy on the
radius of the circle, we propose the relation
∂Sn
∂R
=
c
12π
n
n− 1β(δ˜ − δ˜n=1), (1.6)
where δ˜ consists of all z-independent terms. This equation allows us to determine all the y-
independent constant terms. Consequently we can extend the analysis in [9] to higher orders.
By a modular transformation, we obtain the holographic Re´nyi entropy at low temperature
and find perfect agreement with the results from the field theory computation.
This work is organized as follows. In section 2, we compute the Re´nyi entropy in 2D
CFT at low temperature. In section 3, we generalize the analysis in [9] to higher orders and
1For a concrete computation of Re´nyi entropy of free boson on a torus, see [16].
2Certainly we can work directly with the low temperature case directly. It turns out that the two cases are
related by a modular transformation, as shown in [9].
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compute the holographic Re´nyi entropy. In section 4, we end with conclusion and discussion.
In Appendices, we present some technical details.
2 Re´nyi entropy at low temperature in CFT: single interval
case
In this section, we try to calculate single interval entangle entropy and Renyi entropy on a
circle at low temperature. The circle length is L, the interval length is l, the temperature is
T = 1β . In the field theory, we can compute the Renyi entropy and entanglement entropy by
using the replica trick as in [17,18]. By definition the thermal density matrix is
ρ =
e−βH
Tre−βH
=
1
Tre−βH
∑
| φ〉〈φ | e−βEφ (2.1)
where the summation is over all the excitations in the theory. On a cylinder the energy
spectrum is read by
H =
2π
L
(L0 + L˜0 − c
12
) (2.2)
In this work, we only focus on the excitations from the vacuum Verma module, so the thermal
density matrix is
ρ =
| 0〉〈0 | +∑ |φ2〉〈φ2|e−4piβL +∑ |φ3〉〈φ3|e−6piβL +∑ |φ4〉〈φ4|e−8piβL +O(e−10piβL )
(1 + 2e
−4piβ
L + 2e
−6piβ
L + 5e
−8piβ
L +O(e
−10piβ
L ))
(2.3)
where |φi〉 stands for all normalized states with the total level i. More explicitly, the level two
states include
| 2〉 =
√
2
c
L−2 | 0〉, | 2˜〉 =
√
2
c
L˜−2 | 0〉,
the level three states include
| 3〉 =
√
1
2c
L−3 | 0〉, | 3˜〉 =
√
1
2c
L˜−3 | 0〉,
and the level four states include
| 4, 1〉 =
√
1
5c
L−4 | 0〉, | 4˜, 1〉 =
√
1
5c
L˜−4 | 0〉,
| 4, 2〉 = (c
2
2
+
11
5
c)−
1
2 (L−2L−2 − 3
5
L−4) | 0〉,
| 4˜, 2〉 = (c
2
2
+
11
5
c)−
1
2 (L˜−2L˜−2 − 3
5
L˜−4) | 0〉,
| 2, 2˜〉 = 2
c
L−2L˜−2|0〉. (2.4)
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We divide the space into two parts: A and its complement B. The reduced density matrix
for A is
ρA = trBρ (2.5)
and the Renyi entropy is defined as
Sn =
1
1− n log Tr(ρA
n). (2.6)
In the thermal case, we find that
log Tr(ρA)
n = log Tr(trB | 0〉〈0 |)n +A2e−
4piβ
L +A3e
− 6piβ
L +A4e
− 8piβ
L +O(e−
10piβ
L ) (2.7)
where the first term is the zero temperature contribution from the vacuum, and the other
terms are the thermal corrections at low temperature. Here
A2 = n
∑
Tr[trB | φ2〉〈φ2 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n − 2n, (2.8)
A3 = n
∑
Tr[trB | φ3〉〈φ3 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n − 2n, (2.9)
and
A4 = −3n+
(
n
Tr[trB | 4, 1〉〈4, 1 | (trB | 0〉〈0 |)n−1 + trB | 4, 2〉〈4, 2 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n
+
n
2
n−1∑
j=1
Tr[trB |2〉〈2 | (trB |0〉〈0 |)j−1trB |2〉〈2 | (trB|0〉〈0 |)n−1−j ]
Tr[trB |0〉〈0 |]n
−1
2
n2
Tr[trB | 2〉〈2 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n + anti-holomorphic terms
)
. (2.10)
In the above, we have used the fact the computation could be decomposed into holomorphic
and anti-holomorphic sectors. In Ai’s, there are two kinds of multi-point functions. One is the
two-point function on the n-sheet Riemann surface with two vertex operators inserting at the
infinity future and infinity past on one sheet
tr[trB | O1〉〈O2 | (trB | 0〉〈0 |)(n−1)]
tr(trB | 0〉〈0 |)n . (2.11)
The other is the four-point function
tr[trB | O1〉〈O2 | (trB | 0〉〈0 |)(j−1)trB | O˜1〉〈O˜2 | (trB | 0〉〈0 |)(n−j−1)]
tr(trB | 0〉〈0 |)n (2.12)
where O1, O2 are two vertex operators inserting at the infinity future and the infinity past on
one sheet, while O˜1, O˜2 are two other vertex operators inserting at the infinity future and the
infinite past on another sheet.
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For convenience, let us make a conformal transformation
u = e−i
2pi
L
z (2.13)
In this coordinate, the two branch points are eiθ1 and eiθ2 with
θ2 − θ1 = 2πl
L
, (2.14)
and the vertex operators are now inserted at the origin and the infinity respectively. In the
Appendices, we discuss how to read the explicit form of the vertex operators in this new
coordinate. They can be written as (A.1, A.2, A.3)
L−2 | 0〉 → T (u) |u=0,
w4T (w) |w→∞,
L−3 | 0〉 → ∂T (u) |u=0,
−w6∂T (w)− 4w5T (w) |w→∞,
L−4 | 0〉 → 1
2
∂2T (u) |u=0,
1
2
w8∂2T (w) + 5w7∂T (w) + 10w6T (w) |w→∞,
L−2L−2 | 0〉 → : T (u)2 :|u=0,
w8 : T (w)2 : +3w7∂T (w) + 6w6T (w) |w→∞,
L−2L−2 − 3
5
L−4 | 0〉 → : T (u)2 : − 3
10
∂2T (u) |u=0,
w8(: T (w)2 : − 3
10
∂2T (w)) |w→∞ . (2.15)
We can further make a coordinate transformation, taking the surface into one complex
plane
ζ = (
u− eiθ2
u− eiθ1 )
1
n . (2.16)
Therefore we may compute the multi-point functions in full complex plane, and then make a
inverse conformal transformation to read the functions on the n-sheet Riemann surface. For
example, in the full complex plane
〈T (ζ2)T (ζ1)〉 = c
2
1
(ζ2 − ζ1)4 . (2.17)
Under a conformal transformation
T (u) = T (ζ)(
∂ζ
∂u
)2 +
c
12
{ζ, u}
= T (ζ)(
∂ζ
∂u
)2 +
c
24
(eiθ2 − eiθ1)2
(u− eiθ2)2(u− eiθ1)2 . (2.18)
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Since 〈T (ζ)〉 = 0, then we get
〈T (w)T (u)〉 = ( c
24
)2
((eiθ2 − eiθ1)2)2
(w − eiθ2)2(w − eiθ1)2(u− eiθ2)2(u− eiθ1)2
+(
1
n
(eiθ2 − eiθ1))4〈T (ζ2)T (ζ1)〉
×(u− eiθ2)2( 1n−1)(u− eiθ1)−2( 1n+1)(w − eiθ2)2( 1n−1)(w − eiθ1)−2( 1n+1). (2.19)
For A2, its holomorphic part is a two-point function on n-sheet Riemann surface
tr[trB | 2〉〈2 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n
= lim
w→∞,u=0
2
c
〈w4T (w)T (u)〉n−sheet
=
c
18
(1− 1
n2
)2 sin4(
πl
L
) +
1
n4
sin4(πlL )
sin4( πlnL)
(2.20)
For A3, we compute it in a similar way and get
Tr[trB | 3〉〈3 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n
=
1
2c
lim
w→∞u=0
〈(−w6∂T (w) − 4w5T (w))∂T (u)〉
=
2
9
c(1− 1
n2
)2 sin4(
πl
L
) cos2(
πl
L
) +
1
n6
(
5
sin6(πlL )
sin6( πlnL)
− 4 sin
6(πlL )
sin4( πlnL)
)
− 8
n5
sin5(πlL )
sin5( πlnL)
cos(
πl
L
) cos(
πl
nL
) +
4
n4
sin4(πlL )
sin4( πlnL)
cos2(
πl
L
). (2.21)
For A4, the computation becomes quite complicated and we are satisfied to get the leading
c term. Let us calculate the terms in A4 one by one. First of all
Tr[trB | 4, 1〉〈4, 1 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n
=
1
5c
〈(1
2
w8∂2T (w) + 5w7∂T (w) + 10w6T (w))
1
2
∂2T (u)〉 |w→∞,u=0
=
c
45
(1− 1
n2
)2 sin4(
πl
L
)(3 cos(
2πl
L
) + 2)2 +O(c0) (2.22)
Secondly
Tr[trB | 4, 2〉〈4, 2 | (trB | 0〉〈0 |)n−1]
Tr(trB | 0〉〈0 |)n
= (
1
2
c2 +
11
5
)−1〈w8(: T (w)2 : − 3
10
∂2T (w))(: T (u)2 : − 3
10
∂2T (u))〉 |w→∞,u=0
=
c2
648
(1− 1
n2
)4 sin8
πl
L
+
11c
1620
(1− 1
n2
)4 sin8
πl
L
+
c
9
1
n4
(1− 1
n2
)2
sin8 πlL
sin4 πlnL
+O(c0) (2.23)
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In the calculation, we have used Eqs. (B.4) (B.5) and (C.2) (C.3). Next
n−1∑
j=1
Tr[trB |2〉〈2 | (trB |0〉〈0 |)j−1trB |2〉〈2 | (trB |0〉〈0 |)n−1−j ]
Tr[trB|0〉〈0 |]n
=
n−1∑
j=1
(
2
c
)2〈w4T (1)(w)T (1)(u)w˜4T (j)(w˜)T (j)(u˜)〉
=
c2
324
(n− 1)(1− 1
n2
)4 sin8
πl
L
+
c
9
(n− 2)(1 − 1
n2
)2
1
n4
sin8 πlL
sin4 πlnL
+
c
405
(1− 1
n2
)2
(n2 + 11)(n2 − 1)
n4
sin8
πl
L
+
c
27
(1− 1
n2
)2 sin4
πl
L
[(1− 1
n2
) cos(
2πl
L
) + (2 +
1
n2
)] +O(c0) (2.24)
The antiholomophic terms give the similar contributions. Taking all the contributions into
account, we obtain the Re´nyi entropy, which could be classified into the tree-level part and
the 1-loop part
Sn =
1
1− n log trρ
n
A = S
tree
n + S
1-loop
n
The tree-level part is proportional to the central charge
Streen =
c(1 + n)
n
{
1
12
log sin2
πl
L
+ const
−1
9
(n2 − 1)
n2
(
sin4(
πl
L
)e−
4piβ
L + 4 sin4(
πl
L
) cos2(
πl
L
)e−
6piβ
L
+
(−11− 2n2 + 1309n4
11520n4
cos(
8πl
L
)− −11 + 28n
2 + 119n4
1440n4
cos(
6πl
L
)
−77− 346n
2 + 197n4
2880n4
cos(
4πl
L
)− −77 + 436n
2 + 433n4
1440n4
cos(
2πl
L
)
+
−77 + 466n2 + 907n4
2304n4
)
e−
8piβ
L
)
+O(e−
10piβ
L )
}
. (2.25)
And the 1-loop part is independent of c
S1-loopn = −
2n
n− 1
(
1
n4
sin4(πlL )
sin4 πlnL
− 1
)
e−
4piβ
L
− 2n
n− 1
(
4
n4
(
sin πlL
sin πlnL
)4 cos2
πl
L
− 8
n5
(
sin πlL
sin πlnL
)5 cos
πl
nL
cos
πl
L
− 4
n6
(
sin πlL
sin πlnL
)4 sin2
πl
L
+
5
n6
(
sin πlL
sin πlnL
)6 − 1
)
e−
6piβ
L +O(e−
8piβ
L ). (2.26)
As shown in [17], there is a symmetry l→ nL− l in the n-th Re´nyi entropy.
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The entanglement entropy could be read easily
SEE = lim
n→1
Sn
= c
(
1
6
log sin2
πl
L
+ const
)
+8(1− πl
L
cot(
πl
L
))e−
4piβ
L + 12(1 − πl
L
cot(
πl
L
))e−
6piβ
L +O(e−
8piβ
L ). (2.27)
Due to the thermal correction terms, the symmetry l → L − l is broken. Such correction
terms are independent of the central charge, and are expected to be captured by the quantum
correction in the holographic computation. Different from entanglement entropy, there appear
thermal correction terms even at the leading order in the Re´nyi entropy.
So far, we have calculated the low temperature Re´nyi and entangle entropy to order e−
8piβ
L
for O(c) term, and to order e−
6piβ
L for O(1) term. The Renyi entropy is slightly different from
Cardy and Herzog’s result at the leading order of the thermal correction, because we are now
considering the energy-momentum tensor which is not a primary field. But the entanglement
entropy is the same as Cardy and Herzog’s universal result [17]. In the next section, we
compute these quantities holographically in the bulk, and find exact agreement.
3 Holographic computation
The Renyi entropy in 2D CFT can be calculated holographically by using AdS/CFT corre-
spondence in the large c limit [3, 9]. For a fixed Riemann surface at the boundary originating
from the replica trick, one needs to find the dominant gravitational configuration, whose grav-
ity action gives us the classical Re´nyi entropy. Moreover, the one-loop partition function of
various fluctuations around the configuration leads to the 1-loop correction to the holographic
Re´nyi entropy. For the classical contribution, the holographic Re´nyi entropy is given by the
following relation
∂Sγn
∂zi
= − cn
6(n− 1)γi (3.1)
where γi’s are called the accessory parameters appearing in the equation
ψ
′′
(z) +
1
2
T (z)ψ(z) = 0, (3.2)
T (z) =
∑
i
(
∆
(z − zi)2 +
γi
z − zi ) (3.3)
in the zero temperature case [3] with ∆ = 12(1− 1n2 ), and
T (z) =
∑
i
(∆℘(z − zi) + γiζ(z − zi) + δ) (3.4)
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in the finite temperature case, with ℘, ζ being the Weierstrass elliptic function and Weierstrass
zeta function respectively and δ being an additional constant [9].
Choosing two solutions ψ1 and ψ2 of the equation (3.2), locally they define a conformal
transformation w = ψ1ψ2 . The conformal transformation defines a global Schottky uniformiza-
tion, which respects the replica symmetry. Holographically, every Schottky uniformization can
be extended into the bulk [19]. For one boundary configuration there can be different Schot-
tky uniformizations and correspondingly different bulk configurations for the same boundary
configuration. With proper regulation the classical gravity action reduces to the Liouville
action [20], which leads to the relation (3.14). The γi’s are determined by imposing the mon-
odromy condition. For two interval at zero temperature case, it has been discussed carefully
in [3].
In the case of one finite circle at finite temperature, there are two cycles on each sheet
u ∼ u+mR+ inβ, (3.5)
with R being the length of the circle and β being the imaginary time. We can set trivial
monodromy along one cycle so that the other cycle is the generator of Schottky group. For
example, for single interval finite temperature cylinder, the Riemann surface corresponding
to the n-th Re´nyi entropy is of genus n, and the Schottky generators are the non-trivial
cycles in n sheets. At high temperature, the time direction is of trivial monodromy, and
at low temperature, the spatial direction is of trivial monodromy. This is because at high
temperature above the Hawking-Page transition, the bulk spacetime is actually a black hole,
while at low temperature, it is the thermal AdS spacetime. However, for the finite temperature
case the equation (3.1) is not enough to fix the Renyi entropy completely. There are interval-
independent terms in the classical action, which appear as the integration constants and cannot
be fixed by the equation (3.1). In this work, we propose one more relation to determine all
the terms uniquely.
For 1-loop quantum correction, after finding all primitive words in Schottky group, then
the 1-loop partition function is [9, 21,22]
logZ |1−loop= −
∑
γ
∞∑
m=2
log | 1− qmγ |, (3.6)
where γ’s are the primitive words, and q
− 1
2
γ is the larger eigenvalue of γ. There are infinite
terms in the summation. However, in the cases of single interval in a circle at low temperature
or high temperature, and double intervals with small cross ratio x at zero temperature, there
are only finite terms contributing in each order of e−
piβ
R , e
−piR
β or x [9].
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Furthermore, we need to point out that the holographic Re´nyi entropies at the low tem-
perature and high temperature are dual to each other by the following transformation
R→ iβ, β → iR. (3.7)
The classical part and the 1-loop correction of holographic Re´nyi entropy have been computed
in [9] to order e−
6piβ
L and e−
4piβ
L respectively. We will extend their analysis to higher order. By
using the above transformation we can read the entropy at low temperature. However, there
is no difficulty to do the calculation at low temperature directly.
3.1 Classical contribution at high temperature
In this subsection, we compute the high temperature Renyi entropy of a single interval on a
circle, following the strategy and convention in [9]. The temperature is T, the length of the
circle is R. The interval length is 2y, with two branch points being at ±y. At high temperature,
the monodromy along Euclidean time direction should be trivial. With the coordinates
u = e−2πTz, uy = e
−2πTy, uR = e
−2πTR, (3.8)
the wave function is
ψ± =
1√
u
(u− uy)∆µ(u− 1
yy
)∆∓
∞∑
m=−∞
ψ
(m)
± (uy, uR)u
m. (3.9)
For convenience, we rewrite the energy momentum tensor as
T (z) =
1
2
(1− 1
n2
)
 +∞∑
m=−∞
4π2T 2
uuyumR +
1
uuyumR
− 2 +
+∞∑
−∞
4π2T 2
uum
R
uy
+
uy
uum
R
− 2

γ
 +∞∑
m=−∞
πT
1 + uuyu
m
R
1− uuyumR
−
+∞∑
m=−∞
πT
1 +
uum
R
uy
1− uumRuy
+ δ˜. (3.10)
Here we have extract all of the constant terms independent of u in ℘ and ζ and put them into
a new constant δ˜. The constant δ˜ consists of an infinite summation with respect to uR. Even
though each of the summation in (3.10) including the one in δ˜ is divergent, T (z) itself is finite.
The advantage for this decomposition is that when we integrate T (z) over z, only the terms
in δ˜ contribute. We will use this property in the later discussion.
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The infinite summation should be convergent at uy and
1
uy
. This leads to
γ = πT
{
−1− n
2
n2
cosh(2πTy)
sinh(2πTy)
+
1
6
1
n4
(n2 − 1)2[−2 sinh(8πTy) + 4 sinh(4πTy)]e−4πTR
+
1
12
1
n4
(n2 − 1)2[−6 sinh(12πTy) + 8 sinh(8πTy) + 2 sinh(4πTy)]e−6πTR
+
1
4320
1
n8
(n2 − 1)2[(11 + 2n2 − 1309n4)2 sinh(16πTy) + 6(−11 + 28n2 + 199n4)2 sinh(12πTy)
+2(77− 346n2 + 197n4)2 sinh(8πTy) + 2(−77 + 436n2 + 433n4)2 sinh(4πTy)]e−8πTR}
+O(e−10πTR), (3.11)
δ˜ = 8π2T 2
{
2
3
(1− 1
n2
)2 cosh4(2πTy)e−4πTR + 4(1− 1
n2
)2 sinh4(2πTy) cosh2(2πTy)e−6πTR
+(1− 1
n2
)2
(−77 + 466n2 + 907n4
1728n4
+
−11− 2n2 + 1309n4
8640n4
cosh(16πTy)
+
11− 28n2 − 199n4
1080n4
cosh(12πTy) +
−77 + 346n2 − 197n4
2160n4
cosh(8πTy)
+
77− 436n2 − 433n4
1080n4
cosh(4πTy)
)
e−8πTR +O(e−10πTR)
}
− 2π2T 2 +O(e−10πTR).
(3.12)
As we pointed out before, the differential equation (3.1) is not enough to determine all the
terms uniquely. There exist y-independent terms appearing as the integration constants. Here
we propose a new differential equation to fix all the terms
∂Sn
∂R
=
c
12π
n
n− 1β(δ˜ − δ˜n=1). (3.13)
We will discuss how to get this equation in the next subsection. With the equations (3.1) and
(3.13), we can obtain the holographic Renyi entropy
Sn |classical
=
c
6
1 + n
n
log sinh(2πTY ) + const. − c
9
(n+ 1)(n2 − 1)
n3
{
sinh4(2πTy)e−4πTR
+4 sinh4(2πTy) cosh2(2πTy)e−6πTR +
(−11− 2n2 + 1309n4
11520n4
cosh(16πTy)
−−11 + 28n
2 + 199n4
1440n4
cosh(12πTy) − 77− 346n
2 + 197n4
2880n4
cosh(8πTy)
−−77 + 436n
2 + 433n4
1440n4
cosh(4πTy) +
−77 + 466n2 + 907n4
2304n4
)
e−8πTR
}
+O(e−10πTR). (3.14)
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3.2 Size dependence of Renyi entropy
In this subsection, we want to give a brief derivation for the equation (3.13). Generally, when
we calculate the Renyi entropy, we are computing the partition function on a Riemann surface.
The branch cuts’ positions, the temperature and the circle length decide the moduli of the
Riemann surface. The equation (3.1) encodes the dependence of the classical action on the
length of the interval. In the finite temperature case, in the same spirit, we should consider
the dependence of the classical action on the temperature and the circle length.
For a field theory on a curved spacetime, when we take a variation with respect to the
metric, the action changes as
δSE = − 1
4π
∫
d2σ
√
gδgabTCFTab . (3.15)
The TCFT here equal to the T in (3.2) times c12 . This can be seen by comparing the conformal
transformation of T (z) [3] with the one of TCFT . Now let us take a variation on g11 for high
temperature case. It changes the length of spatial cycle
δg11 =
2δR
R
. (3.16)
Considering the integration
∫
d2σ
√
gT (z), we notice that the first four summations in 3.10,
after being integrated, can be written formally as
+∞∑
m=−∞
(f(m+
1
2
)− f(m− 1
2
)) (3.17)
and cancel each other. Therefore only δ˜ contribute to the integration∫
d2σ
√
gT (z) = βRδ˜. (3.18)
Finally we have
dSE =
c
12π
βδ˜dR. (3.19)
By definition
dSn = − 1
n− 1d(logZn − n logZ1) =
1
n− 1(ndSE − ndS
(n=1)
E ). (3.20)
This leads to the equation (3.13)
∂SE
∂R
=
c
12π
n
n− 1β(δ˜ − δ˜n=1). (3.21)
In the above derivation, we only used the variation with respect to δg11 but not δg22.
This is because of the monodromy condition. In high temperature the trivial monodromy is
13
along the imaginary time direction, and in u coordinate the imaginary time direction is along
the angle, so we cannot change the parameter in that direction. On the contrary, in the low
temperature case we are only allowed to do variation with respect to g22. In this case, we
would get the temperature dependence of holographic Re´nyi entropy
∂Sn
∂β
= − c
12π
n
n− 1R(δ˜ − δ˜n=1) (3.22)
where to get δ˜ we should make transformation (3.7) in (3.12).
3.3 1-loop correction at high temperature
In this subsection, we calculate the 1-loop correction to holographic Re´nyi entropy at high
temperature. In this case the monodromy along the β cycle is trivial, and the monodromy
along the spatial cycle is
L1 =
(
(L1)11 (L1)12
(L1)21 (L1)22
)
(3.23)
where
(L1)11 =
nu
1− 1
n
y
(1− u2y)
{
1− [(n+ 1)u
2
y + n− 1]2
4n2u2y
uR +O(u
2
R)
}
,
(L1)12 =
nuy
(1− u2y)
√
uR
{
1− [(n + 1)u
2
y + (n− 1)][(n − 1)u2y + n+ 1]
4n2u2y
uR +O(u
2
R)
}
,
(L1)21 = −(L1)12,
(L1)22 = (L1)11 |n→−n . (3.24)
Other Schottky generators can be obtained by a series of movement: first wind j loops
around a branch point, and go along spatial cycle, finally wind back j loops in opposite
direction around the same branch point. In other words, they are
Lj =M
j−1L1M
−(j−1) =
(
e2πi
1
2
(1+ 1
n
) 0
0 e2πi
1
2
(1− 1
n
)
)
. (3.25)
In terms of these generators, all of primitive elements in the Schottky group could be con-
structed. However, up to e−6πTR only Lj’s contribute. There are totally 2n such kind of
generators including Lj and L
−1
j . For every Lj, its larger eigenvalue is
q
− 1
2
γ =
1
2
[(Lj)11 + (Lj)22 +
√
((Lj)11 + (Lj)22)2 − 4]
=
nuy
(1− u2y)
√
uR
(u
− 1
n
y − u
1
n
y )
{
1 +
1
n2u2y
(1− u2y)2uR(u
− 1
n
y − u
1
n
y )
−2
(
n2u2y
(1− u2y)2
(u
− 1
n
y − u
1
n
y )(−u−
1
n
y
[(n + 1)u2y + (n− 1)]2
4n2u2y
+u
1
n
y
[(n − 1)u2y + (n+ 1)]
4n2u2y
)− 1
)}
(3.26)
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which is independent of j. Then the 1-loop partition function is
log Zn |1−loop =
∑
γ
∞∑
m=2
(−1) log | 1− qmγ |
=
∑
γ
Re [q2γ + q
3
γ ] +O(e
− 8piL
β )
= 2n
{
1
n4
(
sinh 2πTy
sinh 2πTyn
)4e
−4piL
β +
5
n6
(
sinh 2πTy
sinh 2πTyn
)6e
−6piL
β
+
1
n4
(
sinh 2πTy
sinh 2πTyn
)5
(
sinh(2πTyn )
sinh(2πTy)
4 cosh2(2πTy)− 8
n
cosh(2πTy) cosh(
2πTy
n
)
+
4
n2
sinh(2πTy) sinh(
2πTy
n
)
)
e
− 6piL
β
}
+O(e
− 8piL
β ). (3.27)
When n=1
log Z1 |1−loop= 2e
−4piL
β + 2e−
6piL
β +O(e−
8piL
β ). (3.28)
Thus we have
Sn |1−loop= − 1
n− 1(logZn − n logZ1)
= − 2n
n− 1
(
1
n4
sinh4(2πTy)
sinh4 2πTyn
− 1
)
e−4πTR
− 2n
n− 1
(
4
n4
sinh4(2πTy)
sinh4 2πTyn
cosh2(2πTy)− 8
n5
sinh5(2πTy)
sinh5 2πTyn
cosh(2πTy) cosh
2πTy
n
+
4
n6
sinh6(2πTy)
sinh4 2πTyn
+
5
n6
sinh6(2πTy)
sinh6 2πTyn
− 1
)
e−6πTR +O(e−8πTR). (3.29)
The entangle entropy is
SEE =
c
3
log sinh 2πTy + const+ 8[1− 2πTy coth(2πTy)]e−4πTR
+12[1− 2πTy coth(2πTy)]e−6πTR. (3.30)
3.4 Low temperature Renyi entropy
At low temperature, the partition function and the Re´nyi entropy can be obtained by acting
the duality transformation (3.7) on the results at high temperature. The transformation leads
to
e−2πTR → e− 2piTL ,
cosh2 2πTy → cos2 πl
L
,
sinh2 2πTy → − sin2 πl
L
. (3.31)
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Considering these transformations, it is easy to see that the classical part (3.14) is in perfect
agreement with (2.25), and the 1-loop correction (3.29) is in perfect agreement with (2.26).
4 Conclusion and discussion
In this work, we studied the Re´nyi entropy and entanglement entropy of one single interval
on a circle at low temperature in 2D CFT. When the temperature is low, we are allowed to
expand the thermal density matrix level by level. We focused on the vacuum Verma module
and considered the excitations up to level four. Such a consideration was motivated by the
holographic computation of Re´nyi entropy in pure AdS3 gravity. We found exact agreement
in the large c limit between field theory and holographic computation up to e−
8piβ
L for classical
contribution and to e−
6piβ
L for 1-loop correction. Our discussion in this work provides another
evidence that three dimensional pure AdS3 gravity correspond to a conformal field theory with
only vacuum Verma module [4, 10].
One important ingredient in our holographic computation is to consider the size (temper-
ature) dependence of the Re´nyi entropy. By considering the monodromy condition and the
variation with respect to the worldsheet metric, we propose the differential equations (3.13)
and (3.22), which help us to determine the y-independent constants in the classical action.
Our treatment should apply for other cases at finite temperature and finite size.
The discussion in the present work is technically very different from the ones in [10].
Considering the boundary Riemann surfaces of the gravitational configurations, the one in this
work is to connect n genus-1 torus along one branch cut; while in the two-interval case [10] we
connect n sheets at two branch cuts. When we calculate Sn, even though the replica symmetry
is Zn, the Riemann surface at finite temperature is of genus n; while for double intervals it is
of genus n− 1. Moreover the field calculation is also quite different. In this work we did the
low temperature expansion and considered the excitations level by level. At each level, the
computation boils down to the correlation of vertex operators inserted at the infinity past and
infinity future on some sheet. While in [10] the twist operators being inserted at the branch
points in every interval are close to each other so that one may use the operators product
expansion of the twist operators to compute the Re´nyi entropy order by order in small cross
ratio.
One interesting issue is on the Re´nyi entropy of one single interval on a circle at high
temperature. From the holographic point of view, the computation in the high temperature
case is dual to the one in the low temperature case by a modular transformation. This is
possible because the main difference in the bulk computation comes from the monodromy
condition. In the high temperature case, one needs to impose the trivial monodromy along the
16
time circle, while in the low temperature case, it is the trivial monodromy along the space circle.
In both cases, one impose the trivial monodromy along the cycle enclosing the branch cut from
single interval. As a result, the two gravitational configurations in two cases are dual to each
other. However, on the CFT side, all the excitations have to be taken into account at high
temperature such that a direct computation seems to be impossible. Naively, one may think
that the modular transformation exchanges the role of time and space direction, especially
after Euclideanization. For example, it is conceivable that the thermal density matrix could
be taken as ∝ e−LH = e−2π(L/β)(L0+L˜0). But the interval which is along the spatial circle
would be mapped to the interval along the time circle. This is exactly the dual geometry
showing us. This could be seen from the functional combination of y with L and T in two
cases. However, it is clear in the bulk computation, the interval was treated as in the spatial
circle. Nevertheless, considering the accumulating evidence on the correctness of holographic
computation of two-interval Re´nyi entropy studied in [10,12,14] and the single-interval Re´nyi
entropy at finite temperature case discussed above, we are inclined to believe that holographic
computation of Re´nyi entropy in other cases, including the high temperature case, provides
a trustable way to compute exactly the same entropy in 2D CFT in the large central charge
limit. Therefore, the holographic computation at high temperature in [9] allows us to read the
thermal corrections to the Re´nyi entropy and the entanglement entropy from (3.14,3.29) and
(3.30) respectively.
One furthermore question is on how to calculate a large interval Re´nyi entropy at high
temperature. In [23], the holographic entanglement entropy in this case has been studied. It
was found that the geodesic in the bulk would break into two pieces, one winding around the
black hole, the other connecting two boundary points. Therefore Sth = limǫ→0(S(1−ǫ)−S(ǫ)).
To compute the holographic Renyi entropy in this case, it seems that we need to find another
set of monodromy condition to build the bulk structure [24].
In this work, we paid more attention to the excitations of the vacuum Verma module
and checked the AdS/CFT correspondence of pure AdS3 gravity. It would be interesting to
generalize the present study to the case with other primary fields [24]. The similar studies in
the two-interval case have been pursued in the context of HS/CFT correspondence [12,13], the
AdS3/LCFT2 correspondence [14], and the scalar matter coupling [15]. The correction from
chemical potential to higher spin entanglement entropy in the single interval on the infinite
spatial line and at finite temperature has been studied recently in [25].
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Appendix A Vertex operators
In this appendix, we present some technical details on the vertex operators.
Appendix A.1 Vertex operator at infinity
The vertex operators from the vacuum module at origin are well known
L−2 | 0〉 → T (u),
L−3 | 0〉 → ∂T (u),
L−4 | 0〉 → 1
2
∂2T (u),
L−2L−2 | 0〉 → : T (u)2 : . (A.1)
At infinity, we just need to make a conformal transformation w = 1u , and get
T (u) → T (w)(∂w
∂u
)2 = w4T (w),
∂T (u) → ∂w
∂u
∂w(T (w)(
∂w
∂u
)2) = −w6∂T (w)− 4w5T (w), (A.2)
1
2
∂2T (u) → ∂w
∂u
∂w[
∂w
∂u
∂w(T (w)(
∂w
∂u
)2)] =
1
2
w8∂2T (w) + 5w7∂T (w) + 10w6T (w).
As w = 1u belongs to SL(2, C) transformation, there is no Schwarzian derivative term.
For : T (u)2 :, the transformation is a little complicated
: T (u)2 :=
1
2πi
∮
1
u1 − udu1T (u1)T (u)
=
1
2πi
∮
∂u1
∂w1
dw1
1
1
w1
− 1w
T (w1)(
∂w1
∂u1
)2T (w)(
∂w
∂u
)2
=
1
2πi
∮
dw1(−1) ww1
w1 − w
∂w1
∂u1
(
∂w
∂u
)2(
c
2
1
(w1 −w)4 +
2T (w)
(w1 − w)2 +
∂T (w)
w1 − w+ : T (w1)T (w) :)
= w8 : T (w)2 + 3w7∂T (w) + 6w6T (w). (A.3)
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Appendix A.2 Conformal transformation for : T (u)2 :
In our computation, we need the explicit forms of the operators in full complex plane. Under
ζ = (
u− eiθ2
u− eiθ1 )
1
n , (A.4)
the transformation of the energy-momentum tensor and its higher derivatives are easy to
obtain. However, we still need to deal with the conformal transformation on : T (u)2 :. It
changes as
: T (u)2 :→ 1
2πi
∮
1
u1 − udu1T (u1)T (u)
=
1
2πi
∮
1
u1 − udu1
(
T (ζ1)(
∂ζ1
∂u1
)2 +
c
24
(1− 1
n2
)
(eiθ2 − eiθ1)2
(u1 − eiθ2)2(u1 − eiθ1)2
)
×
(
T (ζ)(
∂ζ
∂u
)2 +
c
24
(1− 1
n2
)
(eiθ2 − eiθ1)2
(u− eiθ2)2(u− eiθ1)2
)
=
1
1440
cA(u) +
(
−1
2
(
ζ
′′
ζ ′
)2 +
4
3
ζ(3)
ζ ′
)
(ζ
′
)2T (ζ) +
3
2
ζ
′′
ζ ′
(ζ
′
)3∂T (ζ) + (ζ
′
)4 : T (ζ)2 :
+2T (ζ)(
∂ζ
∂u
)2
c
24
(1− 1
n2
)
(eiθ2 − eiθ1)2
(u− eiθ2)2(u− eiθ1)2
+(
c
24
)2(1− 1
n2
)2(
(eiθ2 − eiθ1)2
(u− eiθ2)2(u− eiθ1)2 )
2 (A.5)
where
A(u) =
1
n4
(n2 − 1)( 1
u − eiθ1 −
1
u− eiθ2 )
2
(
2(11 + 61n2)
1
(u− eiθ1)(u− eiθ2)
+(−11 + 119n2)( 1
(u− eiθ1)2 +
1
(u− eiθ2)2 )
)
(A.6)
Appendix B Multi-point functions for vertex operators
Here we list some useful relations in computing the multi-point functions
〈T (u1)T (u2)〉 = c
2
1
(u1 − u2)4 , (B.1)
〈T (u1)T (u2)T (u3)〉 = c
(u1 − u2)2(u2 − u3)2(u3 − u1)2 , (B.2)
〈T (u1)T (u2)T (u3)T (u4)〉
=
c2
4
[
1
(u1 − u2)4(u3 − u4)4 +
1
(u1 − u3)4(u2 − u4)4 +
1
(u1 − u4)4(u2 − u3)4 ]
+c
(u2 − u3)2(u1 − u4)2 + (u2 − u4)2(u1 − u3)2 + (u3 − u4)2(u1 − u2)2
(u1 − u2)2(u1 − u3)2(u1 − u4)2(u2 − u3)2(u2 − u4)2(u3 − u4)2 , (B.3)
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〈: T (u2)2 : T (u3)〉 = 1
2πi
∮
du1
u1 − u2 〈T (u1)T (u2)T (u3)〉 =
3c
(u2 − u3)6 , (B.4)
〈: T (u2)2 :: T (u4)2 :〉 = 1
2πi
∮
du1
u1 − u2
1
2πi
∮
du3
u3 − u4 〈T (u1)T (u2)T (u3)T (u4)〉
= (
1
2
c2 + 40c)
1
(u2 − u4)8 . (B.5)
Appendix C Summation formulae
In calculation we need two kinds of summation
n−1∑
j=1
1
(2sinπjn )
4
,
n−1∑
j=1
1
(2sin(θ2−θ12n − πjn ))4
. (C.1)
By studying the residue of the function
f(t) =
n
t(1− t)2(1− 1t )2(tn − 1)
,
it is easy to get
n−1∑
j=1
1
(sinπjn )
4
=
1
720
(n2 + 11)(n2 − 1). (C.2)
Similarly, by studying
f(t) = e−i(θ2−θ1)
n
t(1− t)2(1− 1t )2(tn − e−i(θ2−θ1))
,
we get
n−1∑
j=1
1
(2sin(θ2−θ12n − πjn ))4
=
1
(2sin θ2−θ12 )
4
n2
3
[(n2 − 1) cos(θ2 − θ1) + (1 + 2n2)]− 1
(2sin θ2−θ12n )
4
.
(C.3)
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